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In this paper a Weyl scale invariant p = 3 brane scenario is introduced, with the brane embedded in
a higher dimensional bulk space with N = 1, 5D Super–Weyl symmetry. Its action, which describes
its long wave oscillation modes into the ambient superspace and breaks the target symmetry down to
the lower dimensional Weyl W (1, 3) symmetry, is constructed by the approach of coset method.
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1. INTRODUCTION
In the brane world scenario, our visible universe may be confined to a three-dimensional volume
which resides in a higher-dimensional space, and the standard model particles are confined on this
hypersurface embedded in the bulk space [1]. From the string theory point of view, we have both
the BPS D–brane and non–BPS D–brane. In the first case, the BPS D–brane carries R−R charges,
breaking the bulk N = 2 spacetime supersymmetries and invariant under half of the original super-
symmetries [2]. For the non–BPS case [3], there is no manifest supersymmetry for the brane world
volume theory and the supersymmetry is realized as a spontaneously broken one. Actually, there have
been many generalized proposals for the construction of non–BPS D–branes [4]. In [5], a space filling
non–BPS D–brane, which breaks the supersymmetries of the target non–centrally extended N = 2, 3D
superspace, is introduced by means of the Green–Schwarz approach [6]. This action, which is found to
be dual to a non–BPS p = 2 brane, can be alternatively constructed from coset approach and totally
breaks the supersymmetry in the embedded N = 1, 4D superspace.
On the other hand, in particle physics it has been well known that the scale symmetry plays
an important role [7–11], and it has been applied to a wide range of physics sectors, which include
string theory, branes [12–19], as well as recent unparticle physics theory [20]. Among them, there has
been much attention on the theory of Weyl scale invariant p-branes, and considerable effort has been
dedicated to their canonical formulations as well as their geometrical background [13, 14, 17, 18].
According to these developments, it is the purpose of the paper to provide a straight forward
scenario for the Weyl scale invariant p–branes. Specifically, we consider a p = 3 brane embedded
in 5D target bulk space with enlarged supersymmmetry, i.e. super–Weyl symmetry, which includes
N = 1, 5D super–Poincare symmetry and the Weyl scale symmetry. As for the p = 3 brane, it has the
same three spatial dimensions as our universe appears to have. Besides, since there is no observation
for the superpartners for all the particles in the standard model of particle physics, there should be
no manifest supersymmetry on the brane world volume for a realistic theory. In addition, it is notable
that the scale invariance is manifestly broken by the masses of the particles in the standard model;
nevertheless, it is conceivable that at a much higher energy scale beyond the standard model, there
are nontrivial sectors in particle physics that have the property of scale invariance. Accordingly, we
consider that the dynamics of the embedded p = 3 brane is described by Weyl scale theory, which
also totally breaks the supersymmetry of the target bulk space. It is then to be hoped that progress
in this direction will shed some light on the origin of the Weyl scale invariant p–branes and open the
possibility to understand their symmetries from a dynamical point of view.
The dynamics of the brane describes its long wave oscillation modes into the target bulk space.
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In this regard, we use the coset approach to realize the sponetaneous breaking of the target bulk
symmetries down to the subgroup symmetries on the brane world volume. Consider the 5D dimension
super–Weyl group G. Its generators include W (1, 4) [7] Weyl group (formed by MMN , PM and Weyl
scale (dilatation) generator D )and eight minimum supersymmetrical charges Qa with four complex
components. The component index a = 1, 2, 3, 4. Its algebra has the following (anti)commutation
relations:
{Qa, Q¯b} = 2γMab PM , (1)
[Qa,M
MN ] =
1
2
γMNab Qb,
[MMN ,MOQ] = i(ηNOMMQ + ηMQMNO − ηMOMNQ − ηNQMMO),
[MMN , PR] = i(ηNRPM − ηMRPN )
and
[D,MMN ] = 0, [D,D] = 0, [D,PM ] = −iPM , (2)
[D,Qa] = −1
2
iQa, [D, Q¯a] = −1
2
iQ¯a,
where ηMN = (1,−1,−1,−1,−1), γM = (γµ, γ4), γ4 = −γ0γ1γ2γ3, Q¯a = Q+b γ0ba, γMN = i[γM , γN ]/2
and M,N = 0, 1, 2, 3, 4. In the present context, we consider a p = 3 brane embedded in the N =
1, 5D superspace. Accordingly, the three spacial dimensional brane breaks down the target space
super–Weyl invariance to a lower dimensional Weyl W (1, 3) symmetry, whose unbroken generators
are {Mµν ,D, Pµ}, where the index µ, ν = 0, 1, 2, 3. As a result, the broken generators, besides the
spontaneously broken automorphism generatorsMµ4, include the translational generator P4 transverse
to the brane directions and the spinorial generators Qa and Q¯a related to the Grassmann coordinate
directions in the superspace. On the other hand, one may be tempted to consider the Lorentz group
as the stability group for the total symmetry breaking. However, at the end of the paper, we point
out that the infeasibility of embedding such a Minkowski brane in this super-Weyl spacetime. Since
there is the presence of the dilaton field localized on the brane world volume corresponding to the
target scale symmetry breaking, the dilaton field contributes a potential on the brane world volume
but with an unbounded VEV. This fact then excludes the brane modes that simultaneously nonlinear
realize dilatation symmetry and the supersymmetry.
2. WEYL SCALE INVARIANT BRANE DYNAMICS
We work on the 4D world volume of the submanifold. The 5D super Weyl algebra is to be
converted to 4D algebra through dimension reduction. In the Weyl representation, we introduce two
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supersymmetrical Weyl spinor charges Qα and Sα and define
Qa =
1√
2

 Qα
iS¯α˙

 , Q¯a = (−iSα, Q¯α˙) (3)
where the Weyl spinor indices α, α˙ = 1, 2. Therefore, the algebra becomes
{Q, Q¯} = 2σµPµ, {S, S¯} = 2σµPµ, (4)
{Q,S} = −2εP4 = −2εZ,
[Kµ, Q] = −iσµS¯, [Kµ, S] = iσµQ¯,
[Mµν , Q] = −1
2
σµνQ, [Mµν , S] = −1
2
σµνS,
along with their Weyl scale properties
[D,Kµ] = 0, [D,Z] = −iZ, [D,Pµ] = −iPµ, (5)
[D,Qα] = −1
2
iQα, [D,Sα] = −1
2
iSα,
where Kµ = 2M4µ. Accordingly, from the 4D standpoint of view, the N = 1, 5D SUSY algebra is
a central–charged N = 2 four dimensional extended superalgebra with one 5D translation generator
becoming the central charge.
Here, the target symmetry group G is restricted to the group whose generators can be divided into
two subgroups with one is the automorphism group of another. The transformation of the group G
with respect to the coset of the unbroken automorphism generator group would give us a description
of the vierbein of the embedded submanifold, which has the same dimension as the coset space with
respect to the unbroken automorphism group of the unbroken whole subgroup. In our case, the coset is
G/H, whereH is formed by unbroken antomorphism generators {Mµν ,D}. Hence the embedded three
spatial dimension brane has W (1, 3) symmetry structure oscillating through the coset space formed
by G/H ′, where H ′ is spanned by the automorphism generators {MMN ,D} and is the automorphism
group of the super spacetime group formed by the set {Qα, Q¯α˙, Sα, S¯α˙, Pµ}. The submanifold which
the brane sweeps out has the dimensions of the coset G′/H with tangent space group H, where G′ is
spanned by the unbroken automorphism generators {Mµν ,D} and the unbroken spacetime translation
generators Pµ. The group elements of G can be parameterized in some neighborhood of the identity
element as follows
g = ei[a
µpµ+ξQ+ξ¯Q¯+ψS+ψ¯S¯+zZ+bµKµ+αµνMµν+dD]. (6)
We choose static gauge for the parameterization of the brane world volume, then the space time
coordinates xµ lie in the brane parameterizing direction ξµ. The coset G/H representative elements
then have the form
Ω = eix
µpµeiφ(x)Zei[θ(x)Q+θ¯(x)Q¯+λ(x)S+λ¯(x)S¯]eiu
µ(x)Kµ . (7)
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in which φ(x), θ(x), θ¯(x), λ(x), λ¯(x) and u(x) are the Nambu–Goldstone fields corresponding to each
broken generators. Since the elements of group G can be decomposed uniquely into a product form,
given by a coset representative element and a subgroup element h, the transformations of these Nambu–
Goldstone fields can be obtained by acting a group operation on Ω from the left, i.e.
gΩ = Ω′h, (8)
where the new coset element Ω′ = eix
′µpµeiφ
′(x′)Zei[θ
′(x′)Q+θ¯′(x′)Q¯+λ′(x′)S+λ¯′(x′)S¯]eiu
′µ(x′)Kµ .
As for the spontaneous symmetry breaking of (super)spacetime, the Nambu–Goldstone fields are
those associated with the broken (super)translation operators, and the superfluous Nambu–Goldstone
field uµ can be eliminated by imposing covariant constraints on the Cartan differential one forms.
Explicitly, the Cartan one-forms can be expanded with respect to the full generators as follows
Ω−1dΩ =e−iu
µ(x)Kµe−i[θ(x)Q+θ¯(x)Q¯+λ(x)S+λ¯(x)S¯]e−iφ(x)Ze−ix
µpµ · (9)
d(eix
µpµeiφ(x)Zei[θ(x)Q+θ¯(x)Q¯+λ(x)S+λ¯(x)S¯]eiu
µ(x)Kµ)
=i(ωapa + ω
α
QQα + ω¯Q¯α˙Q¯
α˙ + ωZZ + ω
α
SSα + ω¯S¯α˙S¯
α˙
+ωakKa + ω
µν
MMµν + ωDD).
According to Eq.(8), the Cartan one-forms transform as
Ω′
−1
dΩ′ = h(Ω−1dΩ)h−1 + hdh−1 (10)
By using the differentiation formula for exponent exp(−b)d exp(b) =
∞∑
k=0
(−1)k
(k + 1)!
(adb)
kdb, where
adb(a) = [b, a] is the adjoint operation, we get the following building blocks related to the construction
of the effective brane action, which is invariant under G transformations:
ωa =(dxb + iθσbdθ¯ − idθσbθ¯ + iλσbdλ¯− idλσbλ¯) (11)
· (δ ab + (cosh 2
√
u2 − 1)ubu
a
u2
)− (dφ+ id(θλ− θ¯λ¯)sinh 2
√
u2√
u2
ua,
ωZ =(dφ+ id(θλ− θ¯λ¯)) cosh 2
√
u2
− (dxa + i(θσadθ¯ − dθσaθ¯ + λσadλ¯− dλσaλ¯))sinh 2
√
u2√
u2
ua,
ωD =0,
where a = 0, 1, 2, 3. We use Latin letters a, b to represent the tangent spacetime indices, and Greek
letters µ, ν to denote 1 + 3 general coordinate indices in what follows. The induced vierbein can be
found by expanding the Cartan one-forms associated with the unbroken spacetime generators with
respect to the general coordinate differentials dxµ, i.e. ωa = dxµe aµ . The spin connection ω
µν
ρM can
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also be constructed in a similar way, i.e., ωµνM = dx
ρωµνρM . Considering the unbroken subgroup W (1, 3)
(Weyl group) and Eq.(10), it follows that the dilatation transformation property of the tangent and
general coordinates takes the form
ωa → edωa or dxµ → eddxµ , (12)
then it is concluded that they have scale dimension 1. On the brane world volume, the interval is
ds2 = gµνdx
µdxν = ηabe
a
µ e
b
ν dx
µdxν , (13)
in which the metric tensor is given by
gµν = e
a
µ e
b
ν ηab. (14)
Besides, under the scale transformation, in the local tangent space we have the transformation
xa → x′a = edxa (15)
it follows that the interval transforms as
ds2 → ds′2 = e2dds2. (16)
This can also be concluded from Eqs.(12) and (13). Explicitly, in accord with Eq.(11), the vierbein,
which is not an independent variable, has the following form
e aµ =(δ
b
µ + iθσ
b∂µθ¯ − i∂µθσbθ¯ + iλσb∂µλ¯− i∂µλσbλ) (17)
· (δ ab + (cosh 2
√
u2 − 1)ubu
a
u2
)− ∂µ(φ+ iθλ− iθ¯λ¯)sinh 2
√
u2√
u2
ua
=A bµ · (δ ab + (cosh 2
√
u2 − 1)ubu
a
u2
− D˜b(φ+ iθλ− iθ¯λ¯)sinh 2
√
u2√
u2
ua),
in which A bµ = (δ
b
µ + iθσ
b∂µθ¯− i∂µθσbθ¯+ iλσb∂µλ¯− i∂µλσbλ), and D˜b = A−1µb ∂µ is the Akulov–Volkov
derivative[21–24]. Imposing the covariant condition ωZ = 0 on the Cartan one-forms, as a result of
the inverse Higgs Mechanism [25], the field um can be eliminated by the following relation
ub
tanh 2
√
u2√
u2
= D˜bφ+ iD˜bθλ+ iθD˜bλ− iD˜bθ¯λ¯− iθ¯D˜bλ¯ = D˜bΦ (18)
where Φ = φ+ iθλ− iθ¯λ¯. It can further yield
cosh 2
√
u2 =
√
1
1− tanh2 2
√
u2
=
√
1
1− (D˜Φ)2 , (19)
with
tanh2 2
√
u2 = (D˜Φ)2. (20)
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Plugging Eq.(18) back into Eq.(17), the vierbein hence has the simple form
e aµ =A
b
µ · (δ ab +
1− cosh 2
√
u2
cosh 2
√
u2
ubu
a
u2
) (21)
=A bµ · (δ ab +
1− cosh 2
√
u2
cosh 2
√
u2
D˜bΦD˜
aΦ
tanh2 2
√
u2
)
=A bµ · (δ ab +
D˜bΦD˜
aΦ
(D˜Φ)2
(
√
1− (D˜Φ)2 − 1)).
The metric tensor hence becomes
gµν = e
a
µ e
b
ν ηab = A
a
µ A
b
ν ηab − ∂µΦ∂νΦ. (22)
Introduce five dynamic variables XM = (Xa,X4) = (Xa,Φ), which are defined as follows
dXa =dxµA aµ ; (23)
dX4 =∂µ(φ+ iθλ− iθ¯λ¯)dxµ.
Therefore, in the static gauge ξµ = xµ, the metric tensor in Eq.(22) gives us
gµν =ηMN
∂XM
∂ξµ
∂XN
∂ξν
(24)
=ηµν + iθσν
↔
∂µθ¯ + iλσν
↔
∂µλ¯+ iθσµ
↔
∂ν θ¯ + iλσµ
↔
∂ν λ¯
+ (iθσb
↔
∂µθ¯ + iλσb
↔
∂µλ¯) · (iθσb
↔
∂ν θ¯ + iλσ
b
↔
∂ν λ¯)
− (∂µφ+ i∂µθλ+ iθ∂µλ− i∂µθ¯λ¯− iθ¯∂µλ¯)
· (∂νφ+ i∂νθλ+ iθ∂νλ− i∂ν θ¯λ¯− iθ¯∂ν λ¯)
=ηMN
∂xM
∂ξµ
∂xN
∂ξν
+ θ, θ¯, λ, and λ¯ terms,
where xM = (x0, x1, x2, x3, φ). Consequently, in contrast with the normal induced metric gµν =
ηMN
∂xM
∂ξµ
∂xN
∂ξν
on the p–brane world volume, there are modification terms to the metric, which are
contributed by the Nambu–Goldstone fields θ(x), θ¯(x), λ(x), and λ¯(x), as a result of the broken sym-
metries associated with the superspace coordinate directions.
Introduce an auxiliary (intrinsic) metric ρµν on the p = 3 brane world volume, whose scale dimen-
sion is 2 as induced by the scale transformation ξµ → edξµ, i.e.
ρµν → e2dρµν (25)
or
d4x
√
|ρ| → d4x′
√
|ρ′| = e4dd4x
√
|ρ|. (26)
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By using Eq.(24), the effective scale invariant action of the p = 3 brane world volume is secured as
follows
I =− T
∫
d4x
√
|ρ|[1
4
ρµνηMN∂µX
M∂νX
N ]2 (27)
=− T
∫
d4x
√−ρ[1
4
ρµν(ηµν + iθσν
↔
∂µθ¯ + iλσν
↔
∂µλ¯+ iθσµ
↔
∂ν θ¯ + iλσµ
↔
∂ν λ¯
+ (iθσb
↔
∂µθ¯ + iλσb
↔
∂µλ¯) · (iθσb
↔
∂ν θ¯ + iλσ
b
↔
∂ν λ¯)
− (∂µφ+ i∂µθλ+ iθ∂µλ− i∂µθ¯λ¯− iθ¯∂µλ¯)
· (∂νφ+ i∂νθλ+ iθ∂νλ− i∂ν θ¯λ¯− iθ¯∂ν λ¯))]2,
in which the auxiliary intrinsic metric ρµν can be eliminated by using its equation of motion. Here,
ρµν is the inverse of the metric ρµν with scale dimension −2, and ρ stands for the determinant of ρµν ,
and T stands for the brane tension. The part inside the square brackets has a scale dimension −2. It
can be concluded that Eq.(27) is Weyl scale invariant under the transformation ξµ → edξµ. Obviously,
when the spinors are set to zero, it reduces to the Weyl scale invariant bosonic action [14]:
IB = −f
2
s
2
∫
d4ξ
√
|detG|[1
4
Gµνηab
∂xa
∂ξµ
∂xb
∂ξν
]2. (28)
The action (27) describes the effective oscillation modes of the brane into the bulk space, corresponding
to the symmetry breakings in the θ, θ¯, λ, λ¯, φ (super)space coordinates directions, and whose long wave
length excitation modes are described by these Nambu-Goldstone fields associated with those broken
symmetries, i.e., the symmetries related to Qα, Q¯α˙, Sα, S¯α˙, and Z.
Given the higher nonpolynomial effective actions of Eq.(27) and (28), we notice that it is formidable
to construct the associated canonical formalism as well as the study of their symmetries and quantum
properties. Due to the high nonlinearity of such a theory, different approached has been investigated
to find its canonical formalism [13, 14, 17]. Especially, in [13], an auxiliary scalar field with appropriate
Weyl weight is introduced which transforms the nonlinear action into a quadratic action, for which
the standard rules of the canonical analysis can be applied. The fully canonical analysis of the Weyl
scale invariant p = 3 brane action is beyond the scope of this paper and will be treated elsewhere.
3. DISCUSSION AND SUMMARY
In summary, in this paper, we start with the super Weyl group and its automorphism subgroup.
Then the embedded Weyl scale invariant p = 3 brane breaks the super Weyl group symmetry in the
target bulk space down to the 1 + 3 dimensional Weyl W (1, 3) symmetry in the submanifold. The
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brane’s dynamics is described by the Goldstone bosons (Goldstino fermions) modes associated with
the broken spatial(Grassmann) generators of the symmetry(supersymmetry) group.
On the other hand, if alternatively, the embedded p = 3 brane breaks the target scale symmetry
as well, therefore the new coset represensitive elements
Ωs = e
ixµpµeiφ(x)Zei[θ(x)Q+θ¯(x)Q¯+λ(x)S+λ¯(x)S¯]eiu
µ(x)Kµeiσ(x)D
lead to the following Cartan one-forms
Ω−1s dΩs = i(ω
a
spa + ω
α
sQQα+ ω¯sQ¯α˙Q¯
α˙+ ωsZZ + ω
α
sSSα+ ω¯sS¯α˙S¯
α˙+ ωaskKa + ω
µν
sMMµν + ωsDD), (29)
in which ωas = ω
ae−σ = dxµe asµ and ωsD = dx
µ∂µσ = ω
a
se
−1µ
sa ∂µσ = ω
a
sDµσ, where the covariant
derivative Dµ = e
−1µ
sa ∂µ. Besides, considering Eq.(8), for a pure scale transformation, we find the
dilaton field transforms as σ → σ′ = σ + d. Accordingly, the dilaton field, which transforms with
a shift, behaves as the Nambu–Goldstone field, signaling the sponetaneous breaking of the scale
symmetry in the target bulk space. As a result, the effective brane action, which includes all the
Nambu-Goldstone modes, is found to be
I = −T
∫
d4x det es − Ts
2
∫
d4xdet esη
abDaσDbσ (30)
= −T
∫
d4xe−4σ det e− Ts
2
∫
d4xdet ee−2σηabe−1µa e
−1ν
b ∂µσ∂νσ,
in which Ts is related to the broken scale of the dilatation symmetry. Expanding the first term
explicitly, we then have the potential V ∝ e−4σ. Hence, the VEV can be determined by estimating the
value of
〈
e−4σ
〉
, which becomes minimum when 〈σ〉 goes to ∞. However, due to the unbound of the
VEV of the dilaton field it follows that σ cannot be a NG particle [26]. This fact thus indicates that
it is infeasible to embed such a Minkosski brane, whose modes break simultaneously the dilatation
symmetry and the supersymmetry in the target Super–Weyl bulk space. However, in the case of
supergravity couplings this incompatibility can be eliminated.
All in all, in this article, we present a p = 3 brane scenario and show its dynamical origin of the
Weyl scale invariant p–branes. It may be of special interest to understand the origin of the Weyl
scale invariance for p–branes from a dynamical point of view. We also notice that in addition to
the standard space time induced metric, the spinor fields modify the induced metric on the brane as
well. In this sense these fields induce curvature on the brane. On the other hand, the coset approach
has been extensively used to describe the spontaneous partial breaking of (extended) supersymmetry
and construct actions of (super)brane dynamics[27-31]. It also has been applied to branes of M
theory with a large automorphism group of superalgebra [32]. In addition, in the theory of brane–
world scenarios, the universe can be regarded as a four dimensional topological defect in the form
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of domain wall embedded in a higher dimensional spacetime [33]. Also, it has been shown that the
non–BPS topological defects can be a source of possible SUSY breaking [34]. Actually, it is found
that the N = 1 supersymmetry preserved on the four dimensional world volume of one wall (brane)
is completely broken by the coexistence of the other wall (brane)[35]. That scenario admits another
possible origin of SUSY breaking, in contrast with the case of embedded branes, whose fluctuation
modes break the bulk supersymmetry spontaneously.
The author thanks the THEP groups at Purdue and NITheP for supports.
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